Juan Andrés Cabral

Constrained optimization of a production function

Given the following production function:
P(K,L) =50K"L

and the constraint:
4K +15L =100

a) If they exist, find the critical point(s) that optimize the production function under the given constraint.

b) Consider § = 2. Construct the bordered Hessian matrix and conclude whether it is a constrained
maximum or minimum.
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Solution

a)

Given the production function:
P(K,L) = 50K"L

and the constraint:
4K + 15L = 100

To optimize P(K, L) under the constraint, we use the method of Lagrange multipliers. Define the
Lagrange multiplier A and construct the Lagrangian function:

L(K,L,\) =50K"L 4+ X\(100 — 4K — 15L)

Compute the partial derivatives of £ with respect to K, L, and A:

oL
= — B-1r _ —
3K 506K "L —4Xx=0 (1)
oL
_—= ﬂ — -
57 =S0K® —15A=0 (2)
oL
— =100 —4K — 15L =
X 00 5 0 (3)
From equation (2), solve for A:
50K7°
A= ——
15

Substitute A into equation (1):

B
5083KP~1L — 4 <50K> =0

15
Simplify: ;
200K
KPL — =
503 T 0
4KP
KL - —— =0
p 15

158KP~ 'L —4K® =0
Notice that K = K#~1K, so factor K#~1:

KP~Y(158L — 4K) = 0

Assuming K#~1 # 0, then:

150L —4K =0
Solve for K: 155
o/
K=—L
4

Substitute K into the constraint (3):
100 — 4 <1LZBL> —15L =0

Simplify:
100 — 158L —15L =0

100 — 15L(B +1) = 0
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Solve for L:
10 20
C15(B+1)  3(B+1)

Substitute L into the expression for K:

158 20 1005 255

K =
4 3(B+1) 4p+1) pB+1

The critical points that optimize the production function are:

« 20 . 250
- 3(84+1)’ B+l
b)
With g = 2, the optimal values are:
20 2 25 x 2 50
L = - :E, g 2 xe 9
32+1) 9 2+1 3

The Lagrangian function is:
L(K,L,\) =50K?L + \(100 — 4K — 15L)
Compute the necessary second derivatives:

e First derivatives:

oL
— = 100K L — 4\
oK
oL
= =50K? — 15\
9L 50 5
e Second derivatives:
L = 82—£ = 100L
KK = 5775 =
0%L
Lrr 12 0
0’L
Lrr =L OKOL 00
e Derivatives with respect to A:
9 _ 4 99 _ 44
oK 7 0L
The bordered Hessian matrix is:
0 2 & 0 -4 -15
H= |2 Lgx Lxkr|=|[-4 100L 100K
g% Lix Lrr —15 100K 0
Substitute the optimal values:
L2050
9 3
Calculate:
20 2000

100L* =100 x — = ——
9 9
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100K™ = 100 x 50 = p000

3 3
The matrix evaluated at the critical point is:
0 -4 -15
2000 5000
=1 50900 3
-15 —— 0
3
Compute the determinant of H:
0 —4 —15
2000 5000
det(H) = —4 09 3
5000
-15 — 0
3
Using the method of cofactors:
2000 5000 » 5000
det(H) = —(=4) |54ho 3 |—(-15) 3
—_— 0 —15 0
3
2
:4< 0900 0 50300 o 50300) 415 (_4 X 0— (~15) x 50300)

Calculate the terms:

. . 2000 5000 5000 5000 2 (5000)2
First minor: —— x 0 — X = — =
9 3 3 3 9

1
Second minor: —4 x 0 — (—15) x 50300 _ X35000 = 75200 = 25000

Therefore: )
det(H) =4 (—(5030)> + 15 x 25000

4% 25,000,000
9

~ 100,000,000
9

+ 375,000

= -+ 375,000
Simplify:
100,000,000 3,375,000 96,625,000
T Ty T T o

Finally, we obtain:
96,625,000

det(H) = 9

We observe that det(H) < 0.

Since the determinant of the bordered Hessian matrix is negative, and considering that

we are seeking a constrained maximum (since it is a production function), we conclude that
it is a constrained maximum at the critical point found.
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